A negative answer to an open problem is provided. Fixed point results for α-ϕ-contractive mappings in semi-metric spaces are proved. To show the generality of our results, examples are given. Finally, an application of our result to probabilistic spaces is derived.
Introduction and preliminaries
A metric or distance function is a function which defines a distance between elements of a set and satisfies the separation axiom, the symmetry axiom and obeys the triangle inequality. A set with a metric is called a metric space. Metric spaces are specific types of topological spaces with several nice properties. They are much easier to understand intuitively than topological spaces and are general enough for many applications. The distance functions we shall deal with are even weaker than metrics, in that the triangle inequality is dispensed with altogether. These distance functions are called symmetrics. Symmetric spaces are classical and important spaces as a generalization of metric spaces. They are widely used in pure and applied science. Fixed point theory in metric spaces and their generalizations has been studied by a numbers of authors, see e.g., [1, 2, 3, 4, 5, 8, 13, 14, 17, 19, 20, 21, 23, 25] and the references cited therein. M. Cicchese [11] was the first who obtained a fixed point theorem for Banach contractions in semi-metric spaces. Jachymski et al. [16] gave an example of a fixed point free Banach contraction on a Hausdorff d-Cauchy complete semi-metric space. They further observed that Banach's fixed point theorem holds if d is also bounded. In this paper, we provide a negative answer to an open problem and show that (W) and (CC) are independent conditions. We prove fixed point results for α-ϕ-contractive mappings in semi-metric spaces generalizing the result of Jachymski et al [16] . To show the generality of our results, we provide examples. Finally, we derive an application of our result to probabilistic spaces.
A symmetric space (see [29] ) is a pair (X, d) consisting of a non-empty set X and a function d : X ×X −→ [0, ∞) such that for all x, y in X the following conditions hold:
Many notions and properties in symmetric spaces are similar to those in metric spaces. We recall some notions from [15, 16] .
Let (X, d) be a symmetric space. For ε > 0 and any x ∈ X, let B d (x, ε) = {y ∈ X : d(x, y) < ε}. One can define a topology τ d on X by defining U ∈ τ d if and only if for each x ∈ U , B(x, ε) ⊂ U for some ε > 0.
Definition 1.1 ([15]).
A symmetric is called a semi-metric if for each x ∈ X and each ε > 0,
The following conditions are used as partial replacements for the triangle inequality in symmetric space (X, d) :
It is known [15] that for a semi-metric d, if τ d is Hausdorff, then (W3) holds. (i) ϕ is monotone nondecreasing.
(ii) lim n→∞ ϕ n (t) = 0 for any t > 0, where
The function ϕ ∈ Φ is known as the comparison function (see [27] ). The following lemma is an immediate consequence of Definition 1.3 (see [27] ). Lemma 1.4. If ϕ ∈ Φ, then ϕ(t) < t for all t > 0 and ϕ(0) = 0.
Definition 1.5 ([28]
). Let (X, d) be a symmetric space. A mapping f : X → X is said to be α-ϕ-contractive if there exist two functions α :
for all x, y ∈ X.
Remark 1.6. Every Banach contraction in a semi-metric space is an α-ϕ-contractive with α(x, y) = 1 and ϕ(t) = kt for all t ≥ 0 and some k ∈ [0, 1). But the converse is not true in general (see Example 1.8).
Definition 1.7 ([28]
). Let f : X → X be a given self mapping and α : X × X → [0, ∞). We say that f is α-admissible if x, y ∈ X and α(x, y) ≥ 1 implies α(f (x), f (y)) ≥ 1.
• d(1, 1) = 0;
) is a d-Cauchy complete semi-metric space (see [16] ). Let f : X −→ X be given by
. Therefore Banach's fixed point theorem can not be applied in this case. Now, let α :
, n is odd 0 otherwise.
The other cases are trivial since α(x, y) = 0. Hence f is an α-ϕ-contractive with ϕ(t) = t 2 for t ≥ 0.
An Open Problem in Symmetric Spaces
It is known [6] that (CC) does not imply (W). The following question was put forth in [6, 7] .
Problem 2.1. Let (X, d) be a symmetric space which satisfies (W). Does it satisfy (CC)?
We give a negative answer to the above problem.
Example 2.2. There is a symmetric space that satisfies (W) but does not satisfy (CC).
Proof. Let X = { 1 n : n ∈ N} ∪ {0} and let d be given by
) is a symmetric space that satisfies (W). But (X, d) does not satisfy (CC). To see this, let x n = 1 n , x = 0 and y = 1. Then
We note that (W) and (CC) are independent conditions.
Fixed Point Results
Theorem 3.1. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3). Assume that f : X → X is an α-ϕ-contractive mapping satisfying the following conditions:
(ii) There exists
d(x, y) < ∞, then f has a fixed point.
Proof. Let x 0 ∈ X such that α(x 0 , f m (x 0 )) ≥ 1 for each m ∈ N, and define the sequence (x n ) by
If x n+1 = x n for some n ∈ N, then x n is a fixed point.
Assume that x n+1 = x n for all n ∈ N. Since f is an α-admissible map and, by (ii),
we have, by induction, that
Assume k > j > 1 where j, k ∈ N. Taking x = x j and y = x k in (1.1), we get
Hence (x n ) is a d-Cauchy sequence. By the d-Cauchy completeness of X, there exists z ∈ X such that lim n→∞ x n = z in the topology τ d and so lim n→∞ d(x n , z) = 0.
From the hypothesis (iii) and since α(x n , x n+1 ) ≥ 1 for all n ∈ N, we have α(x n , z) ≥ 1 for all n ∈ N. Note that
≤d(x n , z) −→ 0 as n −→ ∞. 18] ). Let f : X → X be a mapping and let α : X × X → [0, ∞). We say that f is a triangular α-admissible mapping if
Since lim
Corollary 3.3. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3). Assume that f : X −→ X is an α-ϕ-contractive mapping satisfying the following conditions:
If d is bounded, then f has a fixed point.
Proof. Let x 0 ∈ X such that α(x 0 , f (x 0 )) ≥ 1. By (T1), α(f (x 0 ) , f 2 (x 0 )) ≥ 1, and by (T2) we obtain
So, by induction, we have
By Theorem 3.1 f has a fixed point.
Theorem 3.4. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3). Assume that f : X → X is an α-ϕ-contractive mapping satisfying the following conditions:
(ii) There exists x 0 ∈ X such that α(
Proof. Following the proof of Theorem 3.1, we obtain that (x n ) is a d-Cauchy sequence in the d-Cauchy complete semi-metric space X. So there exists z ∈ X such that lim Since (X, d) satisfies (W3), we obtain f (z) = z.
Theorem 3.5. Adding the condition: (H):
For all x, y ∈ X, there exists w ∈ X such that α(x, w) ≥ 1 and α(y, w) ≥ 1. By the hypothesis of the Theorem 3.4 and Theorem 3.1, we obtain the uniqueness of the fixed point.
Proof. Suppose y, z are two fixed points for f. From (H), there exists w ∈ X such that α(y, w) ≥ 1 and α(z, w) ≥ 1. Since f is α-admissible, one can conclude α(y, f n (w)) ≥ 1 and α(z, f n (w)) ≥ 1 for all n ∈ N. (3.1)
Using (1.1) and (3.1), we have
Corollary 3.6. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3) and let f : X → X be a mapping satisfying
for all x, y ∈ X, where k ∈ [0, 1). If d is bounded, then f has a unique fixed point.
Proof. Let α : X × X → [0, ∞) be the mapping defined by α(x, y) = 1, for all (x, y) ∈ X × X and
Then f is an α-ϕ-contractive mapping and all the hypotheses of Theorem 3.5 are satisfied. Consequently, f has a unique fixed point.
The next two theorems generalize results of Ran and Reurings [26] and Nieto and Rodrígues-López [24] .
Theorem 3.7. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3) such that (X, ) is a partially ordered set. Let f : X −→ X be a nondecreasing mapping with respect to . Suppose that the following conditions hold:
, f (y)) ≤ kd(x, y), for each x, y ∈ X with x y.
(ii) There exists x 0 ∈ X such that x 0 f (x 0 ) .
Proof. Consider the mapping α :
otherwise.
for all x, y ∈ X. Then f is α-ϕ-contractive mapping with ϕ(t) = kt, for all t ≥ 0. Now assume that x, y ∈ X with α(x, y) ≥ 1. Then x y. Since f is nondecreasing with respect to , f (x) f (y) and hence α(f (x) , f (y)) ≥ 1. So f is α-admissible. Further, since f is nondecreasing, by (ii), there exists x 0 ∈ X such that x 0 f m (x 0 ), for each m ∈ N. Thus, α(x 0 , f m (x 0 )) ≥ 1, for each m ∈ N. By Theorem 3.4, f has a fixed point.
Then (X, d) is a d-Cauchy complete semi-metric space (see [16] ). Consider f : X −→ X defined by
Then f is a τ d -continuous mapping. We consider the usual order on N. Take x = 1 < 2 = y, then
Thus the condition (i) of Theorem 3.7 is not satisfied. So this theorem can not be applied. Now, define α :
It is clear that f is an α-ϕ-contractive mapping with ϕ(t) = t 2 , for all t ≥ 0. Let x, y ∈ X such that α(x, y) ≥ 1. Then x = y = 1 and so α(f (x) , f (y)) = 1. Thus f is α-admissible. Further, for x 0 = 1 the condition (ii) in Theorem 3.4 is satisfied, since α(x 0 , f m (x 0 )) = α(1, 1) = 1, for each m ∈ N. So by Theorem 3.4, f has a fixed point (which is 1).
Theorem 3.9. Let (X, d) be a d-Cauchy complete semi-metric space satisfying (W3) such that (X, ) is a partially ordered set. Let f : X −→ X be a nondecreasing mapping with respect to . Suppose that the following conditions hold:
Proof. We use the same α as in Theorem 3.7. Let (x n ) be a nondecreasing sequence in X such that lim n→∞ x n = x ∈ X in the topology τ d . By (iii), x n x for all n ∈ N. By the definition of α, α(x n , x) = 1 for all n ∈ N. Thus the hypotheses of Theorem 3.1 are satisfied and f has a fixed point. For all x, y ∈ X, there exists w ∈ X such that x w and y w. By the hypothesis of the Theorem 3.7 (and Theorem 3.9), we obtain the uniqueness of the fixed point.
Proof. Suppose y, z are two fixed points for f . From (H´), there exists w ∈ X such that y w and z w.
Using the same notion of α as in Theorem 3.7, α(y, w) ≥ 1 and α(z, w) ≥ 1. Then the hypothesis (H) is satisfied and the uniqueness of the fixed point is established.
An Application to Probabilistic Spaces
We derive an application of our main result to probabilistic spaces. We start with some essential definitions:
Definition 4.1 ([15] ). Let X be a set and F a mapping of X × X into a collection L of all distribution functions F (a distribution function F is a non-decreasing and left continuous mapping of reals into [0, 1] with inf {F (x)} = 0 and sup {F (x)} = 1). Consider the following conditions:
(i) F x,y (0) = 0 for all x, y ∈ X, where F x,y denotes the value of F at (x, y) ∈ X × X.
(ii) F x,y = H if and only if x = y, where H denotes the distribution function defined by H(x) = 0 if
If F satisfies (i) and (ii), then it is called a PPM-structure on X and the pair (X, F) is called a PPM-space. An F satisfying (iii) is said to be symmetric. A symmetric PPM-space satisfying (iv) is a probabilistic metric space (or briefly PM-space).
The topology τ F in (X, F) is generated by the family
where the set
A T 1 topology τ F on X is defined as follows: U ∈ τ F if for any x ∈ U , there exists ε > 0 such that U x (ε, ε) ⊂ U. If U x (ε, ε) ∈ τ F , then τ F is said to be topological.
Definition 4.2 ([12]
). Let f be a self map on X on a set X satisfying
where k ∈ (0, 1) . Then f is said to be an H-contraction.
Definition 4.3 ([15]
). Let (X, F) be a symmetric PPM-space.
F xn,xm (t) = 1 for all t > 0.
(ii) The space (X, F) is called complete if for every fundamental sequence (x n ) there exists x ∈ X such that lim n→∞ F xn,x (t) = 1 for all t > 0. Let (X, F) be a symmetric PPM-space. Set
) is a bounded symmetric space. (ii) d is compatible symmetric for τ F .
(iii) If f : X −→ X and k ∈ (0, 1) , f is an H-contraction if and only if d (f (x) , f (y)) ≤ kd (x, y) .
(iv) (X, F) is complete if and only if (X, d) is S-complete symmetric space.
(v) If τ F is topological, d is semi-metric.
Theorem 4.6. Let (X, τ ) be a complete symmetric PPM space satisfying (P3), where τ F is a topological. Assume that f : X → X is a triangluar α-admissible mapping with lim ε→0 ϕ(t + ε) = ϕ(t) which satisfies the following conditions:
(i) There exists x 0 ∈ X such that α(x 0 , f (x 0 )) ≥ 1.
(ii) There exists α 0 > 0 such that sup and F x,y (t) > 1 − t implies F f (x),f (y) (α 0 ϕ(t)) > 1 − α 0 ϕ(t) for all t > 0.
(iii) If (x n ) is a sequence such that α(x n , x n+1 ) ≥ 1 for all n ∈ N and lim n→∞ F xn,x (ε) = 1, for all ε > 0.
Then f has a fixed point.
Proof. Define d as in (4.1). In view of Lemma 4.5, (X, d) is a bounded and d-Cauchy complete semi-metric space. Now, let ε > 0 be given and set t = d(x, y) + ε. Then d(x, y) < t gives F x,y (t) > 1 − t which implies that F f (x),f (y) (α 0 ϕ(t)) > 1 − α 0 ϕ(t) and so d(f (x) , f (y)) < α 0 ϕ(t). As a result, we have
<ϕ(d(x, y) + ε).
Letting ε → 0, we obtain α(x, y)d(f (x) , f (y)) ≤ ϕ(d(x, y)). Now Corollary 3.3 guarantees that f has a fixed point.
